ABSTRACT. By a theorem of Bernhard Keller the de Rham cohomology of a smooth variety is isomorphic to the periodic cyclic homology of the differential graded category of perfect complexes on the variety. Both the de Rham cohomology and the cyclic homology can be twisted by the exponential of a regular function on the variety. We explain that the isomorphism holds true in the twisted setting and draw some conclusions on derived invariance of the algebraic Gauss-Manin systems associated with regular functions.
INTRODUCTION
According to [11] , the cohomology H * (X an , ) of the analytic variety X an associated with a smooth complex variety 1 X can be computed algebraically:
Here, and in the rest of the paper, (Ω * X , d) denotes the algebraic de Rham complex and * denotes the hypercohomology in the Zariski topology. A more recent result [16] gives the right-hand side of (1.1) a categorical interpretation:
where perf X is the dg category of perfect complexes on X , perf • X is the dg subcategory of acyclic perfect complexes, and HP * , * ∈ /2, denotes the periodic cyclic homology. A remarkable consequence of these theorems is that I(X ) := k even/odd H k (X an ) turns out to be a derived invariant of smooth varieties: I(X ) ≃ I(X ′ ) for any smooth Fourier-Mukai partners X and X ′ .
This note grew out of an attempt to generalize these results to the setting of pairs (X , f ) where X is a smooth variety and f is a regular function on it. The isomorphism (1.1) has a counterpart in this world, namely [5, 22] (1.3) H k (X an , f −1 (t)) ≃ H 1 -module of categorical origin on the right-hand side.
The multiplication operator Ω * X f ·
→ Ω * X which enters the above definitions has a well-known analog in the framework of non-commutative differential calculus [30] . Let A be an associative unital algebra.
Recall [20] that the complex computing HP * (A) is defined as (C * (A)((u)) gr , b + uB) where (C * (A) :=
A ⊗ (A/ )
⊗(− * ) , b) is the Hochschild complex, B is the cyclic differential, u is a degree 2 variable, and C * (A)((u)) gr denotes the subspace in C * (A)((u)) spanned by the homogeneous formal Laurent series.
Given a central element t ∈ A the analog of f · is the endomorphism of C * (A)((u)) gr given by the formula «t · » : a 0 ⊗ a n ⊗ .. ⊗ a 1 → ta 0 ⊗ a n ⊗ .. Thus, we have a natural non-commutative analog of the 1 -module (1.4):
This construction extends to the setting of pairs (A, t), where A is a dg category and t is a closed degree 0 natural transformation of the identity endofunctor of A, and further to the setting of triples (A,
where (A, t) are as before and A • is a full dg category of A. Notice that the function f on X defines an endomorphism of every complex of X -modules and these endomorphisms altogether form a natural transformation of the identity endofunctor of perf X . Thus, the triple (perf X , perf • X , f ) gives rise to a 1 -module HP * (perf X , perf • X , f ). Our generalization of (1.2) can be formulated as follows (Theorem 4.2): One has an isomorphism of 1 -modules
], V ((x)) stand for the spaces of polynomials resp. Laurent series resp. formal Laurent series in x with coefficients in V . 3 In the main body of the paper we discuss a "multi-parameter" generalization of (1.4) -a m -module associated with a variety X and a collection f = ( f 1 , . . . , f m ) of functions on it [2, 4] -but for expository purposes we are focusing on the one-parameter case here. 
Arguments of this sort may prove useful in the study of some instances of mirror symmetry featuring Rham cohomology together with its -module structure is another invariant of interest [10, 15] but, to the best of our knowledge, its derived invariance was not discussed previously.
Let us conclude the Introduction by making two more comments.
Firstly, observe that the right-hand side of (1.6) makes sense for a much broader class of spaces than that of smooth varieties and, thus, provides a natural generalization of the Laplace Gauss-Manin system beyond the conventional smooth setting. (Note, however, that it is only a /2-graded generalization.)
Secondly, one can easily get an analog of (1.6) for the -modules (1.5), as will hopefully be clear from the proof of (1.6). In this regard, we would like to mention that the second -module in (1.5) admits a different categorical interpretation. Namely, as demonstrated in [7] (cf. also [28] ) it is isomorphic (up to a minor detail) to the ordinary periodic cyclic homology of the dg category of matrix factorizations associated with (X , f ), a dg enhancement of the aforementioned category of singularities.
This approach, however, does not allow one to recover the -module (1.4).
Conventions.
denotes a field of characteristic 0, our ground field. By a variety we understand a quasi-projective variety over . All our complexes are cohomological. We will denote the differential categories over (henceforth, the latter will be referred to simply as dg categories) endowed with an extra structure -the "t i -actions". It is this viewpoint that we will take, so let us formulate it more precisely.
Let A be a dg category and Z(A) denote the commutative algebra of the closed degree 0 natural transformations of the identity endofunctor of A, i. e. the elements t = {t a } of
for all a, a ′ ∈ A and a ∈ A(a, a ′ ) (d A stands for the differential on the Hom-complexes of A). We will call the pairs (A,t), where A is a dg category and t = (t 1 , . . . , t m ) with
Also by a dg [t]-functor from (A,t) to (A ′ ,t ′ ) we will understand a dg functor Φ : A → A ′ respecting the natural transformations:
, for all i = 1, . . . , m.
It is easy to see that "dg category over [t]" and "dg [t]-category" are equivalent notions. The reason we are being cautious with regards to terminology is that the cyclic-like homology of dg [t]-categories we will introduce later on is defined in terms of the underlying dg categories and is different from the ordinary "relative" cyclic homology.
We will also need a more general framework, namely, that of triples (A, A • ,t) where (A,t) is as before and A • is a full dg subcategory of A. We will call these dg [t]-pairs. The functors will be required to preserve the subcategories. The reason we need the more general framework is that we want to include the so-called localization pairs [16, 17] in the picture. When (A, A • ) is a localization pair, we will call
A natural source of dg [t]-categories are varieties over
m . Let X be a variety and f = ( f 1 , . . . , f m ) be a collection of m regular functions on X . We will denote by perf(X , f ) the localiza-
where perf X is the dg category of perfect complexes on X , perf • X is its full subcategory of acyclic complexes, and f i is viewed as defining an element of Z(perf X ) via the component-wise multiplication
There are a few variations of this construction which should be thought of as being equivalent to the original one but may be more convenient for technical reasons (for instance, for the purpose of constructing explicit dg [t]-functors). Namely, (perf X , perf • X ) can be replaced by
• X ), the strictly perfect complexes (i. e. the bounded complexes of algebraic vector bundles) and the acyclic strictly perfect complexes;
• X ), the perfect bounded below complexes of flabby X -modules and its subcategory of all the acyclic complexes; 4 Throughout the paper, m denotes a fixed non-negative integer. m = 0 means "no variables", i. e.
[t] = .
• (perf inj X , perf inj • X ), the perfect bounded below complexes of injective X -modules and its subcategory of all the acyclic complexes;
• perf inj X by itself (which can also be viewed as the pair (perf inj , 0)). 
where π and π ′ are the natural morphisms X × m X ′ → X and X × m X ′ → X ′ , respectively. Let us pick a bounded below resolution → with injective components. Then
can be shown to induce a dg functor of localization pairs (perf str X , perf
Since, by definition, 
Here, we recall, C * 
Namely, it follows from (3.1) that the (degree 0) operators
with the differential d C + uβ 0 + u i τ i β i and therefore descent to the periodic homology. Obviously, the above-mentioned periodicity HP * (C) ≃ HP * +2 (C) respects the A m -action.
To summarize, we have a functor HP * from the category of dg Λ ext m -modules to the category of /2-graded A m -modules. This functor, in fact, extends to a larger category. Namely, let C and C ′ be two dg Λ ext m -modules and φ : C → C ′ be a morphism of the underlying dg Λ m -modules, i. e.
is not necessarily equal to 0. It follows from (3.1) that (3.2), when extended by linearity to a map Consider the graded space n≥0 {a 0 ,..., a n }⊂A A * (a n , a 0 ) ⊗ A * (a n−1 , a n )
Let us write the elements of the tensor product in the right-hand side as a 0 [a n | . . . |a 1 ] (a 0 ∈ A(a n , a 0 ), 1 , a p ) ). Then C * (A) is defined as the quotient of the above space by the subspace spanned 5 u in these formulas should be viewed as a bookkeeping device.
by all the tensors of the form . . . [. . . |id a | . . .] (a ∈ A). The differential b is defined by the formula
where η p := |a 0 | + |a p | + . . . + |a n | + n − p + 1 (p = 1, . . . , n) and η n+1 := |a 0 |. The second differential B is given by the formula
Let us describe now the rest of the canonical dg Λ 
. , t m ) ⊂ Z(A).
We set
where
and We will denote the above dg Λ ext m -module and its periodic homology by C(A,t) and HP * (A,t). The definitions generalize easily to the case of dg [t]-pairs. Namely, observe that a dg [t]-functor
In particular, given a full dg subcate- 
We will also need Proposition 3.4.
dg Morita equivalence of the underlying dg categories then C(F) is a quasi-isomorphism (consequently, HP * (F) is an isomorphism of A m -modules)
.
-pairs induces equivalence up to factors of the triangulated categories
Proof. In both cases, the claim is that F induces a quasi-isomorphism on the level of the Hochschild complexes which is already known; cf. 
TWISTED CYCLIC HOMOLOGY IN THE GEOMETRIC SETTING
We use the notation and keep the assumptions of Section 2.2. In particular, X will stand for a smooth variety and f = ( f 1 , . . . , f m ) for a collection of regular functions on X . , f ) ) and HP * (perf(X ′ , f ′ )) are isomorphic.
As an immediate corollary of Proposition 3.4 we obtain
Proof. As we know (cf. (2.2)), the equivalence lifts to a dg
Since the resulting dg [t]-functor satisfies the assumption of Proposition 3.4 ii), one has an isomor-
also satisfy the condition of Proposition 3.4 ii). Thus, the A m -modules
are isomorphic.
It may be useful to keep in mind that, in fact, all the A m -modules
are isomorphic since the embeddings
satisfy the conditions of Proposition 3.4 i) and ii), respectively.
4.2.
Consider the following multi-variable version of the complex we discussed in the Introduction: 
It is a complex of
where 
Theorem 4.2. There is an isomorphism of A m -modules
Proof. The proof of this theorem relies on (and is an extension of) the proof of Theorem 5.2 in [16] which in combination with results in [31] establishes the claim in the case m = 0. Therefore we will present a sketch of the proof -modulo results and some technical details that can be found in [16] . A complementary reference is [7] where a similar argument is employed for calculating the cyclic mixed complexes of the categories of matrix factorizations associated with (X , f ). 
is a presheaf of dg Λ ext m -modules, and the sheaf in question is its sheafification, sh (perf(X , f )). More precisely, the claim is that the composition of the natural morphisms C(perf(X , f )) = Γ( (perf(X , f ))) → Γ( sh (perf(X , f ))) → RΓ( sh (perf(X , f )))
is a quasi-isomorphism. Note that the claim is about the underlying complexes and its validity has nothing to do with f . For the underlying complexes the result is already known to hold; cf. Lemma 4.1, Diagram 4.2, and Theorem 5.2 in [16] .
As a consequence, HP * (C(perf(X , f ))) ≃ HP * (RΓ( sh (perf(X , f )))). We claim that sh (perf(X , f )) and Ω ′ (X , f ) are quasi-isomorphic.
To prove this, consider the presheaf of dg Λ It is well known that ǫ gives rise to a morphism of the corresponding dg Λ 0 -modules and that this morphism is a quasi-isomorphism when U is affine. That ǫ preserves the rest of the Λ 
